We prove some results on projective generation of ideals.
Introduction
In [1] , Mandal proved the following theorem: Theorem 1.1. Let R = A[X ] be a polynomial ring over a noetherian commutative ring A. Let I be an ideal in R that contains a monic polynomial and (I=I 2 ) = r ¿ dim(R=I ) + 2: Then I is also generated by r elements.
It is natural to ask whether we can extend generators of I (0) = {f(0) : f ∈ I } to generators of I . One of our results (Theorem 3.2) deals with this question in the semilocal case.
Besides, we also prove the Laurent polynomial analogue of Nori's Homotopy Conjecture as follows:
] be a Laurent polynomial ring over a noetherian commutative ring A. Let I be an ideal in R that contains a doubly monic polynomial and P be projective A-module of rank r ¿ dim(R=I ) + 2: Write I (1) = {f(1) : f ∈ I } let s : P → I (1) and :
be two surjective maps such that
Then there is a surjective map : P[X; X −1 ] → I; such that lifts and that (1) = s:
This theorem is the Laurent polynomial analogue of the corresponding theorem [2] that was proved for ideals in polynomial rings.
In this paper, all rings we consider are noetherian and commutative. For a ring A and an A-module M; the minimal number of generators of M will be denoted by (M ): Also recall, a Laurent polynomial f in A[X; X −1 ] is said to be a doubly monic if the coe cients of the highest and the lowest degree terms are units.
Preliminaries
Lemma 2.1. Let R = A[X; X −1 ] be a Laurent polynomial ring over a noetherian commutative ring A. Let I be an ideal in R and P be projective A-module. Write
Then; there is a map 1 : P[X; X −1 ]→I into I that is a lift of and that 1 (1) = s:
2 ), we have F(1)−s ∈ I (1) 2 Hom(P; A). Therefore, F(1)− s = f 1 (1)g 1 (1) 1 + · · · + f r (1)g r (1) r for some f 1 ; : : : ; f r ; g 1 ; : : : ; g r in I and 1 ; : : : ; r in Hom(P; A). Write (1) 2 )). Let g be a special monic in J . Since F X = and since (J=J 2 ) g = 0 we have F is a surjective map. So, by the theorem of Mandal [2] Proof. Let I = (f 1 ; : : : ; f r ) + I 2 : Let m 1 ; : : : ; m k be the maximal ideals that do not contain I: We can assume that f 1 is in m 1 ; : : : ; m l and not in m l+1 ; : : : ; m k : Choose
Write Theorem 3.2. Let A be a semilocal commutative noetherian ring and I be an ideal in R = A[X ] that contains a monic polynomial and (I=I 2 ) = r. Let I 0 = {f(0) : f ∈ I } ⊆ rad(A) be a complete intersection ideal of height r or I 0 = A: Let I 0 = (a 1 ; : : : ; a r ) be generated by a 1 ; : : : ; a r : Then I = (f 1 ; f 2 ; : : : ; f r ) where f 1 (0) = a 1 ; f 2 (0) = a 2 ; : : : ; f r (0) = a r :
Proof. Let I = (f 1 ; f 2 ; : : : ; f n ) + I 2 : We can assume that f 1 is a monic polynomial. Now I = I=(f 1 ) is an ideal in R = A[X ]=(f 1 ): Since R is a semilocal ring and (I =I 2 ) = r − 1; it follows from the lemma that I is generated by r − 1 elements. So, after modifying the generators of I we have I = (f 1 ; : : : ; f r ) for some f 2 ; : : : ; f r . 
: : :
Let = ( ij ) denote the above matrix. First, assume that I 0 ⊆ rad(A). Let "bar" denote "modulo I 0 ". Since a 1 ; a 2 ; : : : ; a r and also b 1 ; b 2 ; : : : ; b r are both free generators of I 0 =I 2 0 ; it follows that det( ) is unit and hence det( ) is also a unit. So, is an invertible matrix in this case. When I 0 = A; since A is semilocal, we can choose as an invertible matrix. : : :
So, we have I = (F 1 ; F 2 ; : : : ; F r ) and F 1 (0) = a 1 ; F 2 (0) = a 2 ; : : : ; F r (0) = a r .
